Abstract D.Nash defined a family of homotopy 4-spheres in [11] . Proving that his manifolds S m,n,m ′ ,n ′ are all real S 4 , we find that they have handle decomposition with no 1-handles, two 2-handles and two 3-handles. The handle structures give new potential counterexamples of Property 2R conjecture.
Introduction
The smooth Poincaré conjecture in 4-dimension is still open. Though many people [3, 4] have proposed potential counterexamples, what some of them are standard S 4 was proved [1, 7, 8, 9] . D. Nash [11] also proposed potential counterexamples of the conjecture. Most recently S.Akbulut [2] proved that the manifolds are all standard. In the article I will also give an alternative proof and furthermore remark some handle decompositions appeared there.
Nash's manifolds are constructed by log transformations along four tori in some 4-manifold. Hence we will give a brief review of the sugery. For the remark of the handle decomoposition as stated above we introduce notions; Property nR, generalized Property R.
Log transformation.
Here we review the notation of the log transformation. Let T ⊂ X 4 be a torus embedding with the trivial normal bundle ν(T ) = D 2 × T in 4-manifold X. Removing the neighborhood, we reglue it with the map ϕ :
where µ is the meridian of T and [µ] is a primitive element of H 1 (T ), so that we obtain a manifold.
Definition 1. The surgery whose gluing map is ϕ as above
is called the (p/q)-log transformation along T with direction γ.
Generalized Property R Conjecture.
Property R conjecture was proved by Gabai [6] . M. Scharlemann and A. Thompson in [12] generalized Property R as follows.
Definition 2 ([12]
). We say that a knot K has Property nR if K satisfies the following property. If any n-component link L containing K as a component yields
by an integral Dehn surgery, then after some handle slidings the framed link can be reduced to the n-component unlink.
The case where n = 1 is equivalent to original Property R.
Conjecture 1 (Generalized Property R Conjecture). All knot admit Property nR for any n ≥ 1.
The generalized Property R conjecture is still open. The homotopy 4-spheres by D.Nash in [11] are standard, however we show that diagrams coming from handle decompositions might be counterexamples of the generalized Property R conjecture.
We can find Figure 1 along the way of proof that Nash's manifolds are standard (Theorem 1). The framed link with black color is a presentation of S 3 . Each box stands Since A, as in [5] , is constructed by attaching two 2-handles to
A is also included a Bing tori B T as in Figure 3 , where T 2 0 is the punctured torus. As a fundamental fact 0-surgery along B T yields T 
× S 1 such that the two components are exchanged. We call the resulting manifold X. Such a construction is gereralized to n-component case by Fintushel-Stern in [5] , and it is called pinwheel construction. Here we define the (m/1)-surgery of T 2 0 × T 2 0 along T 1 with direction S 1 α and simultaneously the (n/1)-surgery along T 2 with direction S 1 β to be X m,n . We define, by the same gluing map φ, X m,n ∪ φ X m ′ ,n ′ to be S m,n,m ′ ,n ′ . From the construction immediately we have the following. Lemma 1. For any integer m, n, m ′ , n ′ we have the following diffeomorphism
Here Nash got a result (Theorem 3.2 in [11] ), which the manifolds S m,n,m ′ ,n ′ are all homotopy 4-spheres. Namely S m,n,m ′ ,n ′ are candidates of the 4-dimensional smooth Poincaré conjecture. Are the manifolds diffeomorphic to standard S 4 ? Here we give an affirmative answer for the question. 3.2 Upside-down of X m ′ ,n ′ .
Next we perform the upside down of the manifolds X m ′ ,n ′ . The right four 2-handles in Figure 4 which are along two components of Borromean ring and the two meridiands are, as each runs throught the adjacent 1-handles once, canceled each other. In addition the top four 2-handles are isotopic to trivial unknots on the boundary and they are canceled out with four 3-handles. Then attaching dual 2-handles are the meridian for the bottom four 2-handles as in Figure 4 . Here we present the dual 2-handle by red lines. Then by handle sliding we get the diagram Figure 7 .
In addition several handle slides give Figure 8 and 9. Here replacing the two handles as in Figure 11 we get Figure 10 . Using the notation and isotopy we get Proof. To prove this lemma, we will find eight 1,2-canceling pairs. Any canceled pair is drawn by dotted line. Here the only 1-handle goes on drawing as a ball description. First we take 4 pairs below as Figure 18 . In addition we take 4 pairs below as Figure 19 and 20. Hence we get a handle decomposition
Then, sliding among several canceled handles, we get the figure that the attaching circles α, β, χ, δ are isotopic to the unlink in ∂D 4 hence these are canceled out with 4 3-handles in the manifold.
We get a handle decomposition
Thus we get Figure 22 as a diagram of S m,n,m ′ ,n ′ . We put the framed link in ∂D 
Nash's manifolds as a torus surgery.
In the subsection we show that each of Nash's manifold is constructed by a log transformation along a single torus.
Proposition 2. For any m, n, m ′ , n ′ we have
Proof. Putting m ′ = 0, we have Figure 36 . The resulting manifold is the surgering of S 3 ×S 1 along {pt}×S 1 framing n ′ . Namely the manifold has the same as Figure 39 . This is diffeomorphic to S 4 . The manifold S m,n,m ′ ,0 is also diffeomorphic to S 4 in the similar way.
As a corollary we have the following.
Corollary 1. S m,n,m ′ ,n ′ are given by one log transfomation along a torus.
Now we are in a position to prove the main theorem.
Proof of Theorem 1.
By Lemma 3 the handle decomposition of S m,n,m ′ ,n ′ is D 4 and the same framed link as F m,0,m ′ ,n ′ and four 3-handles and a 4-handle. Namely S m,n,m ′ ,n ′ is the same handle decomposition as S m,0,m ′ ,n ′ . In particular we have S m,n,m ′ ,n ′ ∼ = S m,0,m ′ ,n ′ . From the Lemma 1 and Proposition 2 we have S m,n,m ′ ,n ′ ∼ = S 4 .
Corollary 2. The diagram Figure 1 is framed link presentation of # 2 S 2 × S 1 .
Proof. Figure 35 gives a handle decomposition of S 4 :
Therefore the boundary ∂(D 4 ∪ 2 2-handles) is # 2 S 2 × S 1 . This corollary implies ǫ and η in Figure 1 are candidates of counterexample of generalized Property R conjecture. 
